Let d, n be positive integers such that d < n, and let X d n be a Cayley graph generated by a transposition tree of diameter d. It is known that every X d n with d < 3 splits into efficient dominating sets. The main result of this paper is that X 3 n does not have efficient dominating sets.
INTRODUCTION
Cayley graphs are very important for their useful applications (cf. [10] ), including to automata theory (cf. [11, 12] ), interconnection networks (cf. [1, 2, 4, 5, 6] ) and coding theory (cf. [3, 4] ).
Let 0 < d < n in Z, and let X d n be a Cayley graph generated by a transposition tree of diameter d. In [4] , it was shown that every X d n with d < 3 splits into efficient dominating sets. In the present work, the following result is proved. Theorem 1.1. Let 3 < n. Then no X 3 n has efficient dominating sets. The rest of this section is devoted to preliminaries and a plan of our proof of Theorem 1.1. Let 0 < n ∈ Z and let I n = {1, 2, . . . , n}. Let S n be the group of permutations σ =
Transpositions, Domination and Packing
Let τ be a connected graph with vertex set I n and let C = C τ be composed by the transpositions σ = (ij), where ij runs over the edges of τ . Then σ = σ −1 for each σ ∈ C τ . This yields the graph X(S n , τ ) = X(S n , C τ ) as an edge-colored graph via the color set C τ with a 1-factorization into the 1-factors F σ = F ij of σ-colored edges. Here, τ is called the transposition graph of X(S n , τ ) [5, 6] .
For domination and packing in Cayley graphs, the terminology of [8] is used. A stable subset J ⊆ S n (i.e. a set of nonadjacent vertices) with each vertex of S n \ J adjacent in the Cayley graph X to just one vertex of J is an efficient dominating set (or E-set) of X. The 1-sphere with center g ∈ S n is the subset {h ∈ S n | ρ(g, h) ≤ 1}, where ρ is the graph distance of X. Every E-set in X is the set of centers of the 1-spheres in a perfect sphere packing (as in [9] , page 109) of X. Let X ′ be a proper subgraph of X (X ′ specified in Subsection 1.4). Let S be a perfect 1-sphere packing of X ′ . The union of a 1-sphere of S with its neighbors in S n \ V (X ′ ) is an S-sphere. The union of two 1-spheres centered at adjacent vertices x, x ′ of X is a double-sphere with centers x, x ′ . A collection of pairwise disjoint 1-spheres (resp., S-spheres and double-spheres) in X is said to be a 1-sphere packing of X (resp., a special packing of X, to be used in Section 6). It may happen that X has a packing T by S-spheres, see Figure 1 below.
Given a packing S of 1-spheres in X whose union has cardinality α|S n | = αn!, (0 < α ≤ 1), the set J of centers of the 1-spheres of S is an α-efficient dominating set (or α-E-set) of X, in which case we may denote (by abuse of notation) the induced subgraph X[J] by J. Note that a 1-E-set is an E-set, and viceversa.
Transposition Trees of Diameter less than 3
Theorem 3.10.2 [7] implies that C τ is a minimal generating set for S n ⇔ τ is a tree. We take τ = τ dn = τ d to be a diameter-d tree and denote
. . , n), also written as ξ 1 1 = 1(2 · · · n)). In this terms, [4] showed that if n > 1 then for each i ∈ I n , X dn n − ξ 1 i is the disjoint union of n − 1 copies ξ j i of X d n−1 n−1 , where ξ j i is induced by all σ ∈ S n with σ j = i and j ∈ I n \ {1}. This is used in proving Theorem 1.1 as we indicate in Subsections 1.3 and 1.4.
Transposition Trees of Diameter 3
A diameter-3 tree τ 3 has two vertices of degrees r, t larger than 1 joined by an edge ǫ. Then n = r + t. We write τ 3 = τ 3 r,t and take: (i) r and r * = r + 1 as the vertices of τ 3 r,t of degrees r and t so that ǫ = rr * ; (ii) 1, . . . , r − 1 (resp., r * + 1, . . . , n) as the neighbors of r (resp., r * ) in τ 3 r,t . (This vertex numbering is modified in . Edge pairs in τ 3 r,t induce copies of both: (A) the disjoint union 2K 2 = 2P 2 of two paths of length 1; (B) the path P 3 of length 2. Using two-color alternation in X 3 r,t = X(S n , τ 3 r,t ), the edge pairs (A) (resp., (B)) determine 4-cycles (resp., 6-cycles). The subgraphs of X 3 r,t induced by the n r cosets of S r × S t in S n are the components of the subgraph X 3 r,t \ F ǫ of X 3 r,t , see Subsection 1.1. These components are copies of a cartesian product
If an α-E-set J of X 3 r,t is equivalent in all copies of Π t r of X 3 r,t , than both J and its associated 1-sphere packing are said to be uniform. There is no uniform α-E-set in X 3 2,2 , see Figure 1 below. Theorem 5.1 will show that if 4 < n = r + t, then uniform α-E-sets of X 3 r,t have α ≤ Every α-E-set in X 3 2,2 avoids at least one of the six copies of Π 2 2 in X 3 2,2 . See the two instances of α-E-sets in X 3 2,2 in Figure 1 , with each avoided copy of Π 2 2 bounding a solid-gray square. On the left, the edges incident to a (5/6)-Eset are in thick trace. (In expressing n-tuples in S n , commas and parentheses are ignored). On the right, (to be compared with the construction in Section 6 and initiating the inductive construction of Section 7), a 1-sphere packing S of X 3 2,2 is shown that covers 16 = (2/3)4! vertices, with underlined black 1-sphere centers. The 1-spheres of S, forming a (2/3)-E-set, induce the edges in thick black trace. Of the other edges, those colored (23) = (ǫ), induced by the S-spheres, forming a T as in Subsection 1.1, are in thick light-gray. The eight vertices in the S-spheres of T not in the 1-spheres of S are light-gray (in contrast with the remaining vertices, in black) and span two 4-cycles bounding solid gray squares as cited above.
Largest Cayley Subgraph with an E-set
To obtain Theorem 8.1, we follow the following development in Sections 6-8. Let r = t > 2. In each copy of Π t r (Subsection 1.3) a partition of S r = V (X dr r ) into Esets (Subsection 1.2) is combined by concatenation with a corresponding partition of the subgroup
induced by 2 r of the n r copies of Π t r in X 3 r,t has an E-set J. Here, X ′ is the largest subgraph of X 3 r,t with a perfect 1-sphere packing. Also, V (X ′ ) is a subgroup of S n containing J as a subgroup. Theorem 8.1 implies that J, whose associated 1-sphere packing has maximum localized packing density (Section 6 and following), cannot be extended to an E-set of X 3 r,t . Moreover, J extends to a maximum nonuniform α-E-set of X 3 r,t with largest α > n r 2 such that α < 1. Corollary 8.2 allows to extend this case of X 3 r,r to the case of X 3 r,t (r > t > 2), via puncturing restriction. This allows the completion of the proof of Theorem 5.1, and thus that of Theorem 1.1.
Remark 1.2.
A conjecture in [4] says that no E-set of X d n exists if d > 2. Remark 1 [3] says that a proof of this conjecture as "Theorem 5" [4] fails. This can be corrected for d > 2 by restricting to either n = 4 or n a prime n > 4, proved in [3] for path graphs τ d . It can be proved for any tree τ d using [4] Lemma 6 that generalizes the decomposition of X 3 r,t \ F ǫ in Subsection 1.3.
JOHNSON GRAPHS
Let 2 < r < n − 1 in Z. Let Γ r n = (V, E) be the edge-colored graph with V = {r-subsets of I n } and tu ∈ E ⇔ t ∩ u is an (r − 1)-subset, said to be the color of tu. Note that Γ r n is the Johnson graph J(n, r, r − 1) [7] . A subgraph Ψ of Γ r n is exact if: (a) each two of its edges incident to a common vertex have the (r − 1)-subsets representing their colors sharing exactly r − 2 elements of I n , and (b) the vertices u, v, w of each P 3 = uvw in Ψ involve r + 2 elements of I n , that is: |u ∪ v ∪ w| = r + 2. Exact spanning subgraphs Φ r n of Γ r n are applied in Sections 3-5 to packing 1-spheres into X 3 r,t . An exact cycle in Γ 3 5 is ψ 5 = (345, 234, 123, 512, 451) (or in reverse, ψ −1 5 = (321, 432, 543, 154, 215)), where each triple a 0 a 1 a 2 acquires the element a 0 among those absent in the preceding triple and loses the element a 2 among those present in the following triple, with 3-strings taken cyclically mod 5. This is also expressed as a condensed cycle (or CC) of triples ψ 5 = (12345), (resp., ψ 
are expressed as cycles of triples in Γ 3 5 and as their respective CCs.
APPLICATION TO SPHERE PACKING
The exact 2-factor above combine with the decomposition of X 3 r,t \ F ǫ into copies of Π t r in Subsection 1.3. In preparation for Theorem 5.1, we provide an example. Note that X 3 3,2 \F ǫ , (where (34) = (ǫ)), splits into ten copies of Π 2 3 = X 2 3 X 1 2 . Each 2 × 6 array in Figure 2 shows one such copy, composed by: (i) two copies of X 2 3 (shown as contiguous rows), i.e. two 6-cycles (obtained in the upper-left corner, by concatenating 45 or 54 to each entry of (312,
, with edges represented by the copies ξ i j of X 1 2 , using Subsection 1.2); (ii) six column-wise copies of X 1 2 ; (iii) six 4-cycles given by contiguous columns. The five copies of Π 2 3 on the left of the figure are in ordered correspondence with the terms of the 5-cycle ψ . Exact spanning subgraphs of largest degree 3 in Γ r n whose components are unicyclic caterpillars, (i.e. graphs for which the removal of its pendant vertices makes them cyclic) will be called nests. Then, a nest leads to a uniform α-E-set with α = For n > 4, exact non-spanning subgraphs of Γ r n yield α < n rt . To exemplify this, we reselect the centers of disjoint 1-spheres in Figures 2 and 3 by taking all vertices in a copy of Π t r as dark-gray and its neighbors via F ǫ underlined-black, then setting as dark-gray enough vertices at distance 2 from underlined-black vertices, traversing F ǫ to set underlined-black vertices in all copies of Π t r . One can select more than one copy of Π t r to be completely dark-gray, e.g. those copies containing vertices 123456 and 654321 in X 3 3,3 and proceed as above until the twenty copies of Π t r have underlined-black vertices, but the value of α in such cases is still less than n rt .
UNIFORM SPHERE PACKING
Assume 4 < n = r + t, where r, t ∈ Z. Then each copy Π ′ of Π t r = X dr r X dt t in X 3 r,t , where d r , d t ∈ {1, 2}, has r!t! vertices. We use now from Sections 6-8 below that covering a copy Π ′ with 1-spheres of a packing S of X 3 r,t prevents S for being uniform. As a consequence, it arises from Sections 3-4 that uniform α-E-sets J in X 3 r,t have α ≤ n rt , as their intersection with each Π ′ is contained at most in a product of E-sets, guaranteeing α ≤ Theorem 5.1. Let 4 < n = r+t, (r, t ∈ Z). Then, there are at most n rt n! vertices in the union of 1-spheres of an imperfect uniform 1-sphere packing of X 3 r,t . This ensures the nonexistence of E-sets of X 3 r,t .
LOCALIZED PACKING DENSITY
The techniques in this and following sections lead to maximum localized packing density, meaning the packing of as many 1-spheres as possible in a specific copy of Π t r according to the decomposition of X 3 r,t \ F ǫ in Subsection 1.3. To start with, a 1-sphere packing S of X 3 3,3 is indicated in Figure 3 that contains in the fashion of Figure 2 eight 6× 6 arrays each standing for the disposition of vertices in an embedding of a copy of Π 3 3 in a torus. In each such array, the black 6-tuples represent centers of 1-spheres in S. There are two such centers in the first, (resp., third), [resp., fifth] row, namely in columns 1 and 4, (resp. 3 and 6), [resp., 5 and 2]. Each dark-gray 6-tuple stands for a vertex adjacent to one of the said 1-sphere centers located in a different copy of Π 3 3 via transposition (ǫ) = (34). There are two of these dark-gray 6-tuples: in the second, (resp., fourth), [resp., sixth] row of each 6 × 6 array, namely in columns 2 and 5, (resp., 4 and 1), [resp., 6 and 3] . This divides the black and dark-gray 6-tuples in each 6 × 6 array into three 2 × 2 sub-arrays obtained from the diagonal black 6-tuples by transpositions (12) and (56) Table I lists on its leftmost column the copies of Π 3 3 of Figure 3 , followed to their right by three pertaining pairs of 6-tuples encodable as (a i,1 , a i,2 , a i,3 ) , where i ∈ I 8 . For instance, a 1,1 = {123456, 213456}, a 1,2 = {312564, 132564}, etc. Consider the following pairs of pairs of black 6-tuples in the main diagonals of the eight 6 × 6 arrays in Figure 3 related by the permutation (12) The eight copies of Π 3 3 in Figure 3 induce a subgraph X ′ 3,3 of X 3 3,3 (right of Figure 4 ) whose vertex set admits a partition into 48 1-spheres around the black 6-tuples, with a partial total of 288 vertices. Moreover, X ′ 3,3 has an E-set J formed by the black 6-tuples, encoded in the pairs of display (2) . Consider the vertices of the remaining 12 copies of Π 3 3 in X 3 3,3 at distance 2 from a center of a 1-sphere among the cited 48. There are 192 such vertices, 16 in each of the 12 copies as the union of four copies of a product J ′ × J ′′ of E-sets as in Section 5 and inducing four 4-cycles in the copy. The graph induced by the remaining 20 vertices in the copy contains four 1-spheres whose vertices via F ǫ are centers of similar 1-spheres. As a result we have the formation of double spheres, see below. Table II suggested on the right of Figure 1 .
Selecting instead 24 centers of 1-spheres to be the neighbors via the transposition (23) (or (13)) of the 24 centers allowed above by means of Table II 
RENUMBERING TREE VERTICES
In generalizing the maximum localized packing density of Section 6, we found it convenient to modify the order of vertices of the tree τ 3 r,t in items (i)-(ii) of Subsection 1.3 by letting instead: (i ′ ) 1 and r * = r + 1 denote the vertices of respective degrees r and t in τ 3 r,t so that ǫ = 1r * ; (ii ′ ) 2, . . . , r (resp., r * +1, . . . , n) denote the vertices adjacent to vertex 1 (resp., r * ) in τ 3 r,t . We exemplify this modification via Figure 5 , on whose top a representation of the copy X(12) X(34) of Π 2 2 is given that presents, before and after (symbol) , the copies of K 2 constituting X(12) and X(34), respectively. Similar representations can be given for X(32) X(14), X(14) X(32) and X(34) X(12), forming with X(12) X(34) a subgraph X ′ 2,2 of X 3 2,2 preceding the subgraph X ′ 3,3 of X 3 3,3
in Section 6. The two remaining squares X(13) X(24) and X(24) X(13) are shaded in light-gray color in Figure 1 (that used the original vertex numbering in items (i)-(ii), Subsection 1.3) and form a second subgraph X ′′ 2,2 of X 3 2,2 . Subsequently in Figure 5 , a similar representation of the cartesian product X(123) X(456) is given that shows, before and after , the 6-cycles X(123) and X(456), respectively, by presenting adjacent vertices contiguously: horizontally, vertically and diagonally between upper-left and lower-right. Here, the black centers of the three 1-spheres in the main diagonal of the 6 × 6 array representing X(123) X(456) in Figure 3 (but with the vertex order assumed above in this section) are recovered by: (A) taking a partition of V (X(123)) into the E-sets ξ 1 1 = 1(23), ξ 1 2 = 2(13), ξ 1 3 = 3(12) (Subsection 1.2) given by: (i) underlined-black color for ξ 1 1 = {123, 132}, (ii) (not underlined) black color for ξ 1 2 = {213, 231} and (iii) underlined-dark-gray color for ξ 1 3 = {312, 321}; (B) assigning the three colors of (A) respectively to the even-parity vertices in X(456) as follows: (i) 456 ∈ ξ 4 4 , (ii) 564 ∈ ξ 4 5 and (iii) 645 ∈ ξ 4 6 , while the odd-parity vertices, namely 465, 546 and 654, shown in light-gray, do not intervene; (C) concatenating the vertices of X(123) and X(456) having a common color. Now, we embed each copy of X 2 4 into a torus, as in the lower-right corner of Figure 5 , with its copies ξ j i , (j ∈ {2, 3, 4} ; i ∈ I 4 ), of X 2 3 presented as above into their places. This way, the previous representation of X(123) X(456) is extended to Π 4 4 as in the lower two instances of Figure 5 , where the shown cartesian products can be denoted X(1234) X(5678) and X(1234) X(567), this one obtained by restricting, i.e. puncturing X(1234) X(5678).
In the third case of Figure 5 , the coloring used for X(123) X(456) above is extended with a fourth color: (not underlined) dark-gray. On the left of , the
